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Item Response Theory 
Functional Equations 



Given that the examinee knows the answer to item i if and only if he 
knows the answer to both item g and item h > a 'conjunctive' item response 
model is found such that items g > h > and i all have the same mathemati- 
cal form of response function. Since such items may occur in practice, it is 
desirable that item response models satisfy this condition. For models with 
two parameters per item, the most general functional form satisfying this 
condition is found. A third, 'guessing' parameter may be added. The cor- 
resDonding disjunctive model la also derived. 
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Conjunctive and Disjunctive Ites Response Functions 

Abstract 

Given thet the exsainee knows the ansver to ites i if end 
only if he knows the answer to both ites { and item h , a 
* conjunctive* ites response aodel is found such that itcns g » h , 
and i all have the saae mathematical form of response function* 
Since such items may occur in practice, it is desirable that item 
response models satisfy this conditio^. For models with tsio 
parameters per Itern^ the most general functional form satisfying 
this condition is found. A third, * guessing* parameter may be 
added* The corresponding disjunctive model is also derived. 
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Conjunctive and Disjunctive Ites Response Functions* 

Consider tvo £ree«*response spelling iteas that ask the 
exninee to spell, respectively, the wrd vife and the word house. 
Now consider a free--response spelling iten that asks the examinee 
to spell the word housewife . Assuae that an examinee will answer 
the third item correctly if and only if the examinee would answer 
both of the first two items correctly* If so, then 

P3(6) - Pj(e)P2(e) (1) 

where 6 is the ability of ihe examinee and P^(6) is the item 
response function for (probability of giving a correct answer to) 
item i • 

Kristof (1968) pointed out that it is highly desirable that 
P^ » P2 » And P3 should all have the same mathematical form, 
but that this condition is not satisfied by the usual logistic or 
normal ogive models in item response theory (IRT). He derived one- 
parameter families of item response function, P(6) , satisfying 
(1), stating that this result "is attainable if and only if all 
item [response] functions are powers of each other.... The model 

*This work was supported in part by contract N00014-83-C-0457 , 

project designation NR 150-520 between the Office of Naval Research 

and Educational Testing Service. Reproduction in whole or in part 

is permitted for any purpose of the United States Government. 
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niles out normal ogives as veil as logistic functions aa possible 
item [response] functions* 

More recently Yen (1984) discussed certain difficulties 
encountered in vertical equating using a logistic aodel. She 
** hypothesized that (these difficulties] occur because the ite«s 
increase in complexity as they increase in difficulty.** Such 
problems might be avoided if the model P(6) satisfying (1) were 
used. 

In Kristof's study, each item is characterized by a single 
item parameter. Here» Kristof*s result is generalized » using a 
different approach » so as to allow items to differ in each of tvc 
parameters. 

Necessary Condition for Solving the Functional Equation 

Suppose the item response function for any item has the form 
P(a*,b*,e) : it is a function of 6 characterized by two item 
parameters » a* and b* . Denote the values of a* and b* for 
item 1 by a and b ; for item 2» by A and B ; for item 3 by 
a and B . Then (1) becomes 

P(a,b,e)P(A,B,e) = P(a,B,e) . (2) 

If such an identity la to hold for all 6 » a » b » A » B » 
a » and 0 » it is necessary that the item parameters a and 3 

7 
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b€ funcdont of • » b , A » and B (Icca pamtcert by 
dcfioidon do noc deptnd on 6 ): 

a £ a(a,b,A,B) and $ s »(a,b,A,B) « (3) 

D«fin« L(a*»b*,e) £ log P(«*,b*,e) • Fro« (2) 

L(a,b,e) + L(A,B,0) r L(o,$.e) • (4) 

This is a functional aquation in fiva variablas and thrat unknown 
functions^ L( ) » a( ), and 0( ) • 

Take the darivativa of this with rasptct to a , to b , and 

to A : 

L*(a,b.8) X L*(a,e»e)o* + L*(a.e,e)J* . (5) 

L^A.B.e) = L*(o.0.6)a^+ L^(o»e,6)a^ . 

where each ftuperscript denotes a derivative: for exaaple» 

= 3a(a,b,A»B)/da » Continuity and differentiability of 
functions are assuaed as needed here and in the following derivations* 

Given any fixed set of values of the three variables a , S , 
and 6 , boch L(a,0,6) and L (a,0,e) are fixed. Equaclons (5) 
are chen chree nonhoaogeneous linear equations relating 
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and • These chree equadons will be InconslsCenc unless Che 
•ufBcnced aecrix 

o'(«,b,A,l) e*(«,b,A»B) L*(«,b,e) 
aNa.b.A.l) e^(a,b,A,B) L*'(«,b,e) 
_o*(«,b,A,i) S*(«,b,A.B) L^s.b.e) . 

Is singular. Therefore the corresponding decerminanc ausc vanish: 

Rewrite this as 

h(a,b,A,B)L* = £(a,b,A,B)L* + gCa.b.A.B)!** . (6) 

This result acccmplishcs the ellBlnation L and froa 
laaediate consideration. 

Given any fixed set of values of a , b , and 6 , both 
and are fixed* Equation (6) expresses a linear relationship 

between and • This relationship mist hold as (A,B) 

takes on different values (A^,B^)» (A2tB2)» (A^,B^), » Thus 
(6) represents an (infinite) set of linear nonhoaogeneous equations 
relating and • These equations will be inconsistent if 

the augnented aatrix, 



£(«,b,Aj ,Bj) 



f(a,b,A2,B2) 
£(«,b,A3,B3) 



g(«,b,Aj ,Bj) 
gCa.b.Aj.Bj) 
iCa.b.Aj.Bj) 
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h(•,b,A^,B^)L^A^ .B^.e) 



h(•,b,A2,B2)L^A2,B2,e) 
h(«,b,A3,B3)L\A3,B3 ,6) 



ic of rank 3. Thus (using an obvious notation) the deterainant 

(7) 

This result acconplishes the elimination of L* and from 
ianediate consideration. 

Given any fixed set of values of a , b , , , A^ , 
Bj , A3 , and , the f 's, g *8, and h 's in (7) are fixed. 
Equation (7) oust still hold for 9 - 9j,82.93f« • Thus (7) 
represents an (infinite) set of hoaogeneous linear equations in the 
three fixed quantities Cfjgj - f2gi)h3 , (f3gj - fjg3)h2 , and 
(f2g3 - f3g2)h^ . Such equations can be consistent only if the 
matrix 
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L^A^ .1^.03) 



L*(A2.1j,t3) 



!• of Itat thAn full rank. If th« tquatlonf art conaiattnt» th« 
third row of tht Mtrlx «uat bt llntarly dtptndant on the flrat tvo 
rova: in othtr rda L^CA^Btd^) «uat b« a llntar function of 
L^CA^B.e^) and L*(A,B,ej) . 

Thia concluaion ia a contradiction » ainct 6^ ia, arbitrary and 
cannot be axprtaatd aa a function of 6^ and ^2 * prtttiat 
that the cquetiona art *conaiattnt^ miat bt falat. Thia provta that 
vhtn 6 varlta» (7) rtprtatnta a att of Hnconaiattnt* tquationa^ 
according to coemon ttniinology. Thia dota not Man» hovtvtr than 
(7) ia invalid: tht 'inconaiatent^ hcaogtntoua lintar tquationa 
will bt aatiafitd providtd 

This proves that if difftrtntiable functiona aatiafying (4) exist, 
then the f » g » and h miat aetiafy (8). According to (8) and 
(7), either 



ERIC 



n 



XtM Htsponic F\>nctions 

9 

(Caic I) hCa.b.A.B) s 0 , or 

(Case 2) h(s,b,A,B} 1* nonscro but g(s»b,A,B} = 0 and/or 
f(«,b,A,B) H 0 . or 

(Cast 3) £/f it iadtp«nd«i>t of A,B : 

fCa.b.Aj.lj) fCa.b.Aj.ij) 

vhtrt P^(«,b) dtnott» c (Mrt or !•••) arbitrary function 

of a and b only* 

If Casa t vara to hold, than, fro« tha dafinition of h in 

(6), 




But for fixad A , B , thia is tha Jacobian of tha transformation 
a = a(a,b) , 0 s 0(a,b) • Whan tha Jacobian is xaro, a and 0 
do not vary indapindantly* In tha prasant problas, this would 
aaan that for fixad A , B , L(ai0,d) is only a ona-paraaatar 
faaily, and thus that P(a,0,d) is only a ona^parassatar fMily 
of item response functions* This is contrary to the original 
requirements, so Case 1 is inappropriate* 
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Case 2 will be treated later. The remaining possibility is 
given by (9), Substitute (9) into (6), obtaining 



h(a,b,A,B)L\A,B,e) = g(a,b,A,B) [Fj(a,b)L*(a,b,e) 



+ L^(a,b.0)] . 



Denote the quantity in brackets by ?^(a^h,B) • Take the 
logarithm of the. absolute value of both sides: 



log|h| + = log|g| + f^ (10) 



where l^E log|L^| and f^ = log|F2| . Differentiate (10) on 6 
i]^(A,B,e) E f2(a,b,e) . (11) 



Now the left side of (11) is not a function of a or b , the 

right side is not a function of A or B . It follows that each 

side must be independent of all four variables a , b , A , B • 
Thus 



i®.(A,B,e) E ♦/e) , (12) 



a (more or less) arbitrary function of, 6 only. 
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Integrate (12) on 6 
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where ^^{9) i /t^(e)de and F^CA^B) U the ^constant of 
integration.* Exponentiate, obtaining 

L\A.B,e) i expl^jCe) ^ FjCA.B)! . 
5 F^CA.BHjCe) 

where F^ and are (sore or leae) arbitrary nonnegative functions • 
Integrate on A to find, finally 

L(A.B.e) = FjCA.BHjCe) + Gj(B.e) . (13) 

where F^(A,B) = /F^(A,B) dA and G^(B,e) la the conatant of 
integration^ both (aore or leaa) arbitrary functiona* 

The only remaining caae» Caae 2^ alao leada to (13) » aa will now 
be shown* If both g(a,b»A»B) and g(a»b,A,B) were zero in Caae 2, 
(6) would becoae 

h(a.b,A,B)L\A,B,e) = 0 . 
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Slnc« h( ) It nonsero In Cat« 2» this would laply - 0 • But 
s 0 Mant that tha log of tha itaa repaonsa function doaa not 
vary with A » a apaclal llaiting altuation of no fanaral intaraat 
hara« Tha only Intaraatlof altarnatlvaa uodar Caaa 2 it that 
aithar f • 0 or alaa g * 0 » but not both. 

Hhan gsO» h^O»«nd f#0» than (16) bacoaaa 



hL^i fL* 



Taka tha logarithm of tha abaoluta valua of both aidaa and than 
dlffarantlata on d to find 



.6 . 
A a 



Thla la aqulvalant to (11). Thus Caaa 2 with g s 0 alao laada 

to (13). 

Tha rasaining poaaibility» that fsO, h#0»and g^O 
(in Caaa 2) alao laada to (13) » axcapt that a and b » also A and 
B » and alao a and 0 ara intarchangad. Sinca tha original problem 
ia invariant under this interchange » (13) will atill apply » given an 
appropriate Initial choice of paraaeter aaaignaent. Thua with 
auitable paraaeter aaelgnaant» (13) determines a apecific form of 
L( » » ) that ia naceaaary (but not yet sufficient) for satisfying (4). 
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Necessary and Sufficient Condition Solution 

Using (13) y dropping nxmerlcal subscripts and rearranging, (4) 
can now be written 

iFjCa.b) + FjCA.B) - F5(a,B)lt3(e) 5 0^(8,9) - Gj(b,e) - Gj(B,e) . 

(14) 

Now, ^3(0) is not Identically zero, since by (13) this would make 
make L(A,B»9) and hence L(a»S,9) Independent of A • Divide by 
(U) by tjO) : 

FjCa.b) + FjCA.B) - F5(a,B) = G^Cfi.B) - G2(b,e) - 02(8,8) 

(15) 

where G^i ) = Gj( . Differentiate on 8 : 



G2(B,8) = G2(b,8) + G2(B,8) . (16) 



Since the right side is independent of a and A , g(a,b,A,B) must 
be also. Hereafter the notation g(b,B) will be used. 
Differentiate (16) on b to find: 



G^^B,e)B*'= G^\b.8) . 
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Take the logarithm of the absolute value of both sides: 



fi h 

where 831^= logjG^ | , and g^^ likewise* Differentiate on 
6 : 

4(6.6) E g«^(b.e) . 

Repeat the foregoing operations on (15), switching the roles 
of b and B to find 

g^g(6,e) = g^g(B.e) . 

Eliminate g^^ from the last two equations, obtaining 

g5^,(b,e) E gg\(B,e) . 

Since the left side is not a function of B and the right side 
is not a function of b , it is seen that each side is a function 
of 6 only; so 
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say. 

Integrate this on 6 : 

ggj^Cb.e) = ^,2(8) + \W , 

where 412(B) = /\|i^(e)de and k^(b) is the constant of 
Integration. Exponentiate: 

|G®^b,e)| = expt*2(e) + kj(b)] 

G^^(b,e) = k2(b)4.3(e) . 

Integrate on b and then on 6 : 

G2(b,e) = kjCbH^O) + xj(e) , 
G2(b,e) = kjCbH^O) + XjCe) + \W • 

Thus, finally, by the relation of G. to G. , 



Y 
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Fro« (13) sod (17), 

UA.i.o) s FjCA.iHjCe) + kjCiHjCe) + k^(B)*3(e) + t^ce) 

Froa this sod (A) 



iFgCs.b) + F^(A,B)H^(e) + (kgCb) + kjCDJ^jCe) 
s F^(a3)*4(e) + kjCeHjCe) - ♦g(e) . 

s shows chat ^'^(6) is a linear funccion of and <>j(e) 



Thi 



where C and K are consCanCs (since ^^ii) does not depend 



on 



a , h , A , B ). SubsciCuCe Chis inco each of Che cwo preceding 

equations, replace f^Ce) by •(6) , <»j(e) by »(e) , and 

k ( ) by G( ) , dt .yping nuaerical subscripts to obtain finally 
3 



19 



Item Response Functions 

17 

L(A,B,e) = F(A,B)»(e) + G(B)f(e) , (18) 



lF(*,b) + F(A,B)]*(e) + lG(b) + G(B)]T(e) 



S F(a,B)*(e) + G(B)'r(e) . (19) 



For equality to hold in (19), it it necessary that B(b,B) = 
G~^(G(b) + G(B)1 where G~^( ) it the inverse function of G( ) . 
Also that 



o(a.b,A,B) = FeJb.B)^^^****^ F(A,B)] 



where fTL b\ i» the inverse function defined for each given b 
B(b,B) 

by F~MF(a,b)l = a . 

The solution to (2) it found by exponentiating (18): 



P(A,B,e) = explF(A,B)*(e) + G(B)¥(e)] 



lf(A,B)]»(«>lg(B))*(«> 



[♦(e)l^^^'®^*(e)]°^®^ , (20) 



where ♦(O) = log ♦(e) , TO) = log \|;(e) , F(A,B) = log f(A,B) , 
and G(B) = log g(B) . 
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The Conjunctive Ite« Response Function 

A repsraaeterlsstlon of the IRT nodel will slapllfy (20) for 
present purposes. Define new Itea peraaeters by b' = G(B) » 
a* E F(A,B) • The general conjunctive item response function 
(20) Is now siaply 

P(a',b\6) = [♦(6)J*'l*(e)l^' . (21) 

Without loss of generality, since ^(6) and ^(6) reaain 
to be chosen, take a* > 0 and b' > 0 • To be an Item 
response function (IRF) , It la necessary that P(a',b',e) be a 
monotonlc Increasing function of 6 and that P(a' ,b' ,*-«•) • 0 , 
P(a\b' •) - 1 . If It Is possible to have a' ♦ 0 , then <^(e) 
must satisfy corresponding conditions* If It Is posolble to have 
b* 0 , then ^(6) must satisfy corresponding condition* 
It will be assumed hereafter that both ^(6) and f(6) satisfy 
such conditions. 

For convenience, the primes In (21) will now be dropped* If 

♦ (6) « *(e) , it would follow that *(e) = ♦O) , since otherwise 

♦ (•) - ♦(«) - 1 could not hold. If ^(9) = ^(9) , then- 
P(a,b,9) E [^(9)] . In this case, the reparameterlzatlon 

a** E a + b would reduce P( ) to a one-parameter family. Thus 
it is essential that t(f(9) and ^(6) should not be proportional. 
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A plautlblt vodtl !• obtalntd by choosing and ^(6) 

to b€ tOM ftttlllar tiio-*p«raMttr IIF* If th« tvo-'parsMtcr 
loglatlc function la uatd, for txaapla, tha IKF for Itas 1 la 



vhara o ard w ara arbitrary conatanta* Thaaa constants «uat 
ba tha ssm for all Itasa in a glvan taatt but thay can vary 
f roa ona taat to anothar* Idaally o and |i ahould bt conatant 
for all Itaaa of a alngla typa: thay ara taat or ltatt-»typ« 
parasatera, not Itttt paraaatara. 

Up to thla point, tha argusant has daalt vlth tha probability 
that A given axaalnaa knows tha corract anavar to an Itas or to 
a coaponant part of an Itas* If tha final Itaft la praaantad In 
Bultlple-cholca fon, bovavar, tha axaftlnaa nay anavar corractly 
slsply by randoB guaaalng. To daal with thla altuatlon, a 
^guaaalng* paraaatar c^ can plausibly be introduced into (22), 
so that now 




(22) 



P(A^»b^»Cj^,6) - c^ + (1 - Cj)(l + a 



) \i + r*) 




(23) 
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This XIF do«« not satisfy ths functloQsl cqustlon (2)» 
Nsvsrthtltss^ (23) mjt quits sppropriats; for txsapls^ vhen 
fusssing doss not contributs to ths probability thst so txsalnse 
kncmm ths corrsct snsvsr to ths coaponsnt parts of ths ittsi. 

Ths Disjunctivs Itssi iasponss Function 

Ths original raasoning dsalt with situations vhsrs an 
sxsBlnss vould knov ths corrsct anawar to ths actual itsa only if 
his knav ths corrsct anawar to tvo aaparata aubproblspa in tha 
actual itaB» Ona can alao Isafina altuatlona vhara tha axaninaa 
vill knov tha anavar to tha actual itsft whanavar ha knova tha 
ana%far to althar ona of two aaparata aubproblama: In othar 
worda» thara ara two indapandant routaa to knowing tha anawar 
to tha actual itas» Thla la tha disjunctivs caaa« 

Tha corraaponding functional aquation la tha aana aa (2) 
excapt that Q(a»b»e) = 1 - P(a,b,d) la aubatltutad for 
F(a,b,e) s 

Q(s,b,6)Q(A.B,e) = Q(a3te) • (2A) 
The corraaponding I&F la thua 

•i 

Q(a,b,e) = [1 • ♦(e)l ^11 - ♦(6)1 ^ . (25) 
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where t(6) and \^(6) satisfy the ssae conditions «s before. In 
the logistic case with guessing, 

Q(a^.b^,c^,e) H (1 - c^)(l + e^®"^) \l + e^ . 

(26) 

Practical laplenentation and Conclusion 

The conjunctive (disjunctive) IRF*s have one convenient 
feature: When there is no guessing ( c^ • 0 ) , the probability of 
answering all of a set of m iteas correctly (incorrectly) has 
a much siapler aathematical font than is usually the case* For 
conjunctive items, 

m m 

Ea Eb 

Prob(uj • 1, u^ • l,...»u^ - 1) - U(e)l ^[♦(8)) ^ • 

(27) 

The parameters a^ and b^ of conjunctive or disjunctive 
items are not at all readily interpreted in terms of item 
difficulty and item discriminating power. It is hard to find even 
a complicated function, let alone a simple function, of a^ and 
and b^ that can be comfortably interpreted as a satisfactory 
measure of item difficulty or of item discriminating power. 
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Figure I thow six plots of IKF's fro« (22) illustrating 
various dagraas of skavnass* Ona can, of coursa» obtain a pure 
logistic curva frott (22) by sat ting aithar a^ or b^ aqual to 
saro« It is also possibla to obtain doubla ogivaa with thraa 
points of inflaxion (not illuatratad hara)« 

A nav coaputar prograa has baan vrittan for sisultanaoua 
maxiaua likalihood astiaation of tha itas paraaatara a^ and b^ , 
the ce^t paraaatara o and y , and tha ability paraaatara 6 for 
tha conjunctiva aodal (23)* ^ Tha naw prograa uaaa fixad c^ 
valuaa datarainad in advanca by a run of tha data on tha coaputar 
prograa LOGIST (Wingarsky, 1983). Although tha aatiaataa convarga 
in any ona coaputar run froa a givan sat of trial valuaa, tha raault 
ia apparantXy not yat usaful bacauaa froa diffarant sats of trial 
valuaa tha coaputar raachas diffarant local aaxiaa corraaponding 
to diffarant assignaants of saro valuaa to a^ or to b^ for 
diffarant subsats of itaaa. 

Tha fit of tha aodal to tha rasponsas of a group of axaainaaa 
could probably ba auch laprcvad by substituting (26) for (23) 
whanavar an itaa ia astiaatad to hava a saro valua of a^ or b^ , 
thua aaaiailng that auch iteaa ara diajunctiva itaaa* Subaaquant 
itarationa of tha aatiaation procaaa aight than laad to a 
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Figure I. Illutcr«clve coojunccive icea response funcciont 
with c - 0 (22). 
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reassignment of some of these Items to the conjunctive model vhlle 
other Items might be transferred to the disjunctive model. 
Ultimately, such a process might successfully classify all Items as 
conjunctive or disjunctive in such a vay as to find a global 
maximum of the likelihood function and an optimal fit of the models 
to the data. It is not at all clear, however, how much computer 
time such a process might require. 

It is possible that the conjunctive and disjunctive models, 
based as they are on relevant psychological considerations, may 
provide a better fit to real data than the usual logistic or normal 
ogive models. ^ 
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